Abstract. It is a conjecture due to M. E. Rossi that the Hilbert function of a one-dimensional Gorenstein local ring is non-decreasing. In this article, we show that the Hilbert function is non-decreasing for local Gorenstein rings with embedding dimension four associated to monomial curves, under some arithmetic assumptions on the generators of their defining ideals in the noncomplete intersection case. In order to obtain this result, we determine the generators of their tangent cones explicitly by using standard basis computations under these arithmetic assumptions and show that the tangent cones are Cohen-Macaulay. In the complete intersection case, by characterizing certain families of complete intersection numerical semigroups, we give an inductive method to obtain large families of complete intersection local rings with arbitrary embedding dimension having non-decreasing Hilbert functions.
Introduction
In this article, we study the Hilbert function of a one-dimensional Gorenstein local ring of embedding dimension four associated to a Gorenstein monomial curve. The Hilbert function of a local ring R with maximal ideal m is the numerical function defined as H R (n) = dim R/m (m n /m n+1 ) for all n ≥ 0, while the embedding dimension of R is H R (1) . In other words, the Hilbert function of a local ring R with maximal ideal m is defined as the Hilbert function of its associated graded ring with respect to m (which is gr m (R) = ∞ i=0 m i /m i+1 ). In general, very little is known about the behavior of the Hilbert function of a Cohen-Macaulay local ring, since its associated graded ring can be very bad [19] . The main open problem in the one-dimensional case was Sally's conjecture [18] :
Sally's conjecture. If R is a one-dimensional Cohen-Macaulay local ring with small enough embedding dimension, then H R (n) is nondecreasing. The conjecture is obvious for embedding dimension one, in which case R is regular and H R (n) = 1 for all n. Matlis proved Sally's conjecture for embedding dimension two by showing that H R (n) = min{n + 1, e(R)}, where e(R) is the multiplicity of the local ring R [14] . Finally, Elias proved the conjecture for the embedding dimension three case [5] . In the literature, there are several examples showing that Cohen-Macaulayness of a one-dimensional local ring does not necessarily assure the non-decreasing behavior of its Hilbert function for embedding dimensions greater than three. The first examples of local rings with decreasing Hilbert function were given by Herzog-Waldi [12] and Eakin-Sathaye [7] . Furthermore, Orecchia showed that for all b ≥ 5 there exists a reduced one-dimensional local ring of embedding dimension b with decreasing Hilbert function [16] . In the remaining case of embedding dimension four, similar examples were given by Gupta and Roberts in [10] . Thus, the Cohen-Macaulayness of a one-dimensional local ring with embedding dimension greater than three does not guarantee that its Hilbert function is non-decreasing. However, it is a conjecture due to M. E. Rossi, that a one-dimensional Gorenstein local ring (a Cohen-Macaulay ring of type 1) has a non-decreasing Hilbert function, and this problem is open even for Gorenstein local rings with embedding dimension four associated to Gorenstein monomial curves in affine 4-space [6] . These curves are our main geometric objects of interest in this article.
We recall that a monomial affine curve C has a parametrization (1.1)
where n 1 , n 2 , . . . , n d are positive integers with gcd(n 1 , n 2 , ..., Let C be a monomial curve having the parametrization
for which the symmetric numerical semigroup n 1 , n 2 , n 3 , n 4 is minimally generated by n 1 , n 2 , n 3 , n 4 . (Clearly, this assures that the Gorenstein local ring
] has embedding dimension four.) Thus, in this case, we also say that C is a Gorenstein monomial curve with embedding dimension four. In 1975, Bresinsky not only showed that the ideal I(C) of the curve C is minimally generated by either 3 (complete intersection case) or 5 (non-complete intersection case) elements, but also gave an explicit description of the defining ideal I(C), see [3] . Knowing the defining ideal I(C) explicitly by the work of Bresinsky, we investigate the generators of the ideal I(C) * , which is generated by the polynomials f * for f in I(C), where f * is the homogeneous summand of f of least degree. I(C) * , which is the defining ideal of the tangent cone of C at 0 can be used to find the 4 ]/I(C) * . Based on the standard basis theory, we find the generators of the tangent cone of a Gorenstein monomial curve C with embedding dimension four, under some arithmetic conditions on the generators of its defining ideal. Showing the Cohen-Macaulayness of the tangent cones of these families of Gorenstein monomial curves gives us the opportunity to obtain families of Gorenstein local rings with non-decreasing Hilbert function in the embedding dimension four case.
Non-complete intersection case
In this section, we first recall Bresinsky's theorem, which gives the explicit description of the defining ideal of a Gorenstein monomial curve with embedding dimension four in the non-complete intersection case [3, Theorem 3] . Theorem 2.1 (Bresinsky's Theorem). Let C be a monomial curve having the parametrization
where S = n 1 , n 2 , n 3 , n 4 is a numerical semigroup minimally generated by
n 4 is symmetric and C is a non-complete intersection curve if and only if I(C) is generated by the set
4 } where the polynomials f i are unique up to isomorphism and
Remark 2.2. Moreover, in the same article, Bresinsky also shows that the semigroup S = n 1 , n 2 , n 3 , n 4 is symmetric and the defining ideal is as in Theorem 2.1 if and
Remark 2.3. Theorem 2.1 implies that for any non-complete intersection Gorenstein monomial curve with embedding dimension four, the variables can be renamed to obtain generators exactly of the given form, and this means that there are six isomorphic possible permutations which can be considered within three cases:
l . Thus, given a Gorenstein monomial curve having parametrization as in ( 1.2), if we have the extra condition n 1 < n 2 < n 3 < n 4 , then the generator set of its defining ideal is exactly given by one of these six permutations.
From our computations with Macaulay [2] and Singular [9] , we have observed that there are many non-complete intersection Gorenstein monomial curves with embedding dimension four having Cohen-Macaulay tangent cones generated by exactly five elements, and moreover, the generator set of each of these curves turned out to be a standard basis with respect to at least one local degree ordering. Thus, by determining the common arithmetic conditions satisfied by the generators of the defining ideals of these monomial curves, we apply the standard basis algorithm in [8] to the set of generators given by Bresinsky satisfying these arithmetic conditions and show that there is a large family of non-complete intersection Gorenstein monomial curves having Cohen-Macaulay tangent cones, which guarantees a non-decreasing Hilbert function. Proposition 2.4. Let C be a non-complete intersection Gorenstein monomial curve having parametrization as in (1.2) with n 1 < n 2 < n 3 < n 4 , and let the generators of I(C) be given by the set G in Theorem 2.1. If α 2 ≤ α 21 + α 24 , then the defining ideal I(C) * of the tangent cone is generated by a set G * consisting of the least homogeneous summands of the
Remark 2.5. The condition n 1 < n 2 < n 3 < n 4 implies the following three inequalities. Since n 1 α 1 = n 3 α 13 + n 4 α 14 > n 1 α 13 + n 1 α 14 = n 1 (α 13 + α 14 In order to prove Proposition 2.4, we need the following lemma. For the definitions of local orderings, normal form, ecart of a polynomial, standard basis and the description of the standard basis algorithm, see [8] . Proof. We apply the standard basis algorithm to the set G = {f 1 , f 2 , f 3 , f 4 , f 5 }. By using the notation in [8] , we denote the leading monomial of a polynomial f by LM(f ), the s-polynomial of the polynomials f and g by spoly(f, g) and the Mora's polynomial weak normal form of f with respect to G by NF (f |G). We need to show that NF (spoly(f i , f j )|G) = 0 for all i, j with 1 ≤ i < j ≤ 5.
By using the inequalities in Remarks 2.5 and 2.6 with the extra condition α 2 ≤ α 21 +α 24 and recalling that the ordering is the negative degree reverse lexicographical ordering, we have LM(f 1 ) = x 
Next, we compute spoly(f 1 , f 3 ) = 
. Among
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use the leading monomials of the elements of G, only LM(f 5 ) divides LM(spoly (f 1 , f 3 ) ). (Also, ecart(f 5 ) = ecart(spoly (f 1 , f 3 ) ).) The computation spoly(f 5 , spoly(f 1 , f 3 )) = 0 implies NF (spoly(f 1 , f 3 
Then, we compute spoly(
3 . The following inequalities
3 . Among the leading monomials of the elements of G, only LM(f 3 ) divides LM(spoly (f 1 , f 4 ) ). (Also, we check that ecart(f 3 ) ≤ ecart(spoly (f 1 , f 4 ) ).) We compute spoly(f 3 , spoly(f 1 , f 4 ) 2 . Once again, only LM(f 2 ) divides LM(spoly(f 3 , spoly(f 1 , f 4 ))) among the leading monomials of the elements of the set G. (Notice also that ecart(
Similarly, we compute spoly(
3 . Since α 3 < α 31 + α 32 , adding α 21 to both sides of the inequality gives α 3 +α 21 < α 32 +α 31 +α 21 = α 32 +α 1 , which implies that LM(spoly(
3 . Among the leading monomials of the elements of G,
In the same manner, spoly(f 2 , f 5 ) = x and since α 2 ≤ α 21 + α 24 implies
Therefore, we conclude that the set G is a standard basis with respect to the negative degree reverse lexicographical ordering with
We can now prove Proposition 2.4. .2) with n 1 < n 2 < n 3 < n 4 34 . Thus, in all these cases, I(C) * is generated by a set of five elements, which are the homogeneous summands of least degree of the five generators of I(C). By using the same method in Theorem 2.8, we show that the Gorenstein monomial curves having the defining ideals as in these cases with the given conditions have CohenMacaulay tangent cones. We do not have a similar result in Cases 2 (a) and 3 (b), since f 2 = x is an element of the generator set in both cases, and thus, n 1 < n 2 < n 3 < n 4 implies α 2 > α 23 + α 24 .
As a result, we can now give the general theorem: By using Theorem 3.6 and constructing families of numerical semigroups obtained by a sequence of nice extensions, we can present large families of complete intersection local rings with arbitrary embedding dimension having non-decreasing Hilbert functions.
